Abstract. Under certain conditions on the topological space X we prove that for every continuous map f : X → X the set of all points with a dense orbit has empty interior in X. This result implies a negative answer to two problems proposed by M. Barge and J. Kennedy.
Introduction
Let X be a topological space. Given a subset A of X we shall denote by Cl X (A) and Int X (A) the closure and the interior of A in X, respectively. If U , V are subsets of X × X and a ∈ X, we define Moreover, if f : X → X is a continuous map, the orbit of a point x ∈ X under f is the set
Finally, we shall denote by D f the set of all points x ∈ X whose orbit O f (x) is dense in X. M. Barge and J. Kennedy [1] proposed the following problems (cf. Problems 5 and 6 on page 641 of [1] ):
• Let {p 1 , p 2 , . . . , p n } be a set of n ≥ 2 distinct points in the sphere S 2 . Is there a homeomorphism of S 2 − {p 1 , p 2 , . . . , p n } such that every orbit of the homeomorphism is dense ?
• Is there a homeomorphism of R n , n ≥ 3, such that every orbit of the homeomorphism is dense ?
Our goal is to answer both questions in the negative. More precisely, we shall
In fact, our results apply to a much larger class of spaces X (cf. Theorem 1 and Corollary 6).
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Main results

Theorem 1. Let X be a locally compact Hausdorff space which is not compact and has no isolated points. Then, for any continuous map
Proof. Let Y be the one-point compactification of X and let U be the set of all open symmetric vicinities of the unique uniform structure compatible with the topology of
. Then we have the following properties:
and
Let y 0 ∈ Y be a cluster point of the net (
Let Z ∈ U and V ∈ U be such that
Since y 0 is a cluster point of (y U ) U∈U , there is a W U ∈ U, W U ⊂ U , such that
, and so
But this is a contradiction, since z / ∈ X.
As an immediate consequence of Theorem 1 we obtain the following negative answers to the two problems mentioned in the introduction: 
Corollary 2. For any integer n ≥ 1 and any continuous map
Remark 4. The conclusion of Corollary 2 is not true if we consider infinite-dimensional Banach spaces X in place of R n . Indeed, in certain infinite-dimensional Banach spaces X, Read [2] proved the existence of a continuous map f : X → X such that D f = X − {0} (his map is even linear). This also shows that we cannot omit the local compactness hypothesis in Theorem 1.
Further results
The argument used in the proof of Theorem 1 can also be applied to establish the following:
Theorem 5. Let X be a compact Hausdorff space without isolated points. Then, for any continuous map f :
By arguing as in the proof of Theorem 1 (with z = a), we conclude that for some y 0 ∈ D f and some j ≥ 0,
But this is a contradiction, since y 0 ∈ D f and a / ∈ D f .
Corollary 6. Let X be a compact convex set in a Hausdorff locally convex space and assume that X is not a singleton. Then, for any continuous map
Proof. By the Schauder-Tychonoff fixed point theorem, f has a fixed point in X. So, we cannot have D f = X. 
